ABSTRACT. We study conjectured generalizations of a formula of Lech which relates the multiplicity of a finite colength ideal in an equicharacteristic local ring to its colength, and prove one of these generalizations involving the multiplicity of the maximal ideal times the finite colength ideal. We also propose a Lech-type formula that relates multiplicity and the number of generators. We prove the conjecture in dimension three and establish a weaker result in full generality.
INTRODUCTION
A classical inequality due to Lech in 1960 ([6] ) states that if (R, m) is a Noetherian local ring with maximal ideal m and dimension d, then for an m-primary ideal I in R,
e(I) ≤ d! λ(R/I) e(R),
where e(R) denotes the multiplicity of the local ring R, i.e., the Hilbert-Samuel multiplicity of the maximal ideal m, and e(I) is the multiplicity of I. Mumford used an asymptotic version of this inequality in [8] to give a local version of semistability/stability. The first author of this paper suggested a generalization of Lech's inequality which was studied by Ananthnarayan and the last author of this paper in [1] , and proved in the same paper in several cases. The generalized inequality is the following. Here, and for the rest of this paper, set P(n) = d! which is then used in Section 5 to prove inequalities for three dimensional regular local rings. Using the results for three dimensional rings, we then prove our main theorem in Section 6. In a final section we treat some related conjectures on the number of generators of integrally closed ideals and their relationship with Lech-type inequalitites.
2. PRELIMINARIES 2.1. Mixed multiplicities. We begin with a summary of information concerning mixed multiplicities, which play an important role in studying generalizations of Lech's inequality. The theory of mixed multiplicities originates in [2] , where Bhattacharya studied the mixed Hilbert-Samuel function λ(R/I s J t ).
Definition 2.1. Let (R, m) be a local ring of dimension d and let I, J be m-primary ideals. In [12] it was shown that there are integers e i (I | J) for 0 ≤ i ≤ d, called the mixed multiplicities of I and J, which satisfy the equation It follows from the definition that e i (I s | J t ) = s i t d−i e i (I | J). 
where x 1 , . . . , x i are general elements in I and y 1 , . . . , y d−i are general elements in J. Let (R, m) be a Noetherian local ring with infinite residue field. If x 1 , . . . , x i are general elements in m, we will use R i to denote R/(x 1 , . . . , x i ) and I i to denote IR i . With this notation, e i (m | I) = e(I i ).
Integrally closed ideals.
We summarize a few properties of integrally closed ideals which we will need. We also refer the reader to the theory of m-full ideals which was developed by Junzo Watanabe in [13] , and which shares many of the same properties and could be important for further progress. In particular, every integrally closed ideal of positive height is m-full ( [4] ). For general information concerning integral closures we refer to [11] . Definition 2.3. An element x ∈ R is integral over an ideal I if it is the root of a polynomial f (T ) ∈ R[T ] of the form f (T ) = T n + a 1 T n−1 + . . . a n with a j ∈ I j for all 1 ≤ j ≤ n. The set of all integral elements over I forms another ideal, I, the integral closure of I. If I = I, then I is said to be integrally closed.
From [11] or [13] we collect some properties of integrally closed ideals or m-full ideals.
Theorem 2.4. Let (R, m) be a Noetherian local ring with infinite residue field. Let I be an m-primary integrally closed ideal. Then for general x ∈ m, (1) I : m = I : x, (2) µ(I) ≥ µ(J) for every ideal I ⊆ J (the Rees property), (3) µ(I) = λ(R/(mI, x)), (4) µ(I) = µ(I 1 ) + λ(R 1 /I 1 ).
2.3.
Generalized Lech-type inequalities. Fix positive constants s id such that
When the dimension d is fixed, we shall delete the dimension subscript. For example, if d = 4, then s 0 = 1, s 1 = 6, s 2 = 11, and s 3 = 6.
The following conjecture was made in [1] :
This conjecture is weaker than Question 1.1 proposed in the introduction. The reason it is weaker is that P(e(I) [10] .
An even weaker conjecture (see [1] ) is then This conjecture arises due to a formula for e(mI) involving mixed multiplicities, namely that
This sum can then be compared to ∑ d−1 i=0 s i e i (m | I), as was done in [1] . The main result of this paper is a proof of Conjecture 2.6. We are also able to prove Conjecture 2.5 up to dimension three.
2.4.
A Basic Lemma. In this section we prove a basic lemma which we will use throughout this paper.
Lemma 2.7. Let R be a Noetherian local ring with maximal ideal m and dimension d. If I ⊆ R is m-primary and x ∈ R is a non-zero divisor, then
Proof. Consider the short exact sequence
where n is any positive integer. Taking length along the above sequence we obtain
Letting n = 1 we obtain the Equation 2.7.1. Note that (I : x) n ⊆ (I n : x n ), thus
We also have
To see this, let J be an m-primary ideal, then we have
Thus by induction we get
Now comparing the leading coefficients of the polynomials arising on both sides for n large, the Inequality 2.7.2 follows.
REDUCTION TO REGULAR LOCAL RINGS
In this section, we will show that any statement of the form
for the fixed integers n i can be reduced to regular local rings. In particular, Conjectures 2.5 and 2.6 can be reduced to regular local rings. Let (R, m) be a d-dimensional Noetherian local ring and let G := gr m (R) be the associated graded ring of R whose nth graded piece is m n /m n+1 . We denote the unique homogeneous ideal of G by M. By definition, the multiplicities of G and R are equal.
For an arbitrary ideal J of R let J * be the form ideal of J,
the ideal generated by the leading forms in G of all elements of J. Observe that gr m/J (R/J) ∼ = G/J * and (J * ) n ⊆ (J n ) * for all n ≥ 1. Let I be an m-primary ideal. It follows from the observed properties and the definition that for all 0
We can also extend the ground field R/m to be infinite by a faithfully flat extension which does not change length, multiplicity, or dimension. We change notation and assume that R is a standard graded ring over an infinite field k, with maximal homogeneous ideal m, and let I be an m-primary homogeneous ideal.
We now proceed as in [8] . By the Noether normalization R is a finite graded module over a polynomial ring S := k[t 1 , . . . ,t d ] such that (t 1 , . . . ,t d )R is a minimal reduction of m. Let n = (t 1 , . . . ,t d )S and J = I ∩ S. Since the rank of R as an S-module is e(R) and JR ⊆ I, we have e(I) ≤ e(JR) = e(J) e(R).
Moreover, S/(t 1 , . . . ,t i ) ⊆ R/(t 1 , . . . ,t i ) =: R i is still a Noether normalization for all i, hence
Since S/J ⊆ R/I we have λ S (S/J) ≤ λ R (R/I). Therefore, it suffices to prove 3.0.1 in S:
We have reduced 3.0.1 to the case in which R is a polynomial ring. We may also localize at the unique homogeneous maximal ideal and reduce to the regular local ring case.
REGULAR LOCAL RINGS OF DIMENSION TWO
In order to prove our generalized Lech inequality for rings of dimension at least four, we first need to find inequalities in dimensions two and three which are finer than Lech's original inequality. In this section, when R is a 2-dimensional regular local ring we use classical results on the properites of integrally closed ideals in such rings. We need the following notation. Let (R, m) and (R ′ , m R ′ ) be two-dimensional regular local rings. We say that R ′ birationally dominates R if R ⊆ R ′ , m R ′ ∩ R = m and R and R ′ have the same quotient field. We denote this by R ≤ R ′ . Let [R ′ : R] denote the degree of the field extension R/m ⊆ R ′ /m R ′ . Further if I is an m-primary ideal in R, let I R ′ be the ideal in R ′ obtained from I by factoring IR ′ = xI R ′ , where x is the greatest common divisor of the generators of IR ′ . The following theorem ( [5] , Theorem 3.7) gives a formula for e(I).
Theorem 4.1 (Multiplicity Formula). Let (R, m, k) be a two-dimensional regular local ring and I be an mprimary ideal. Then
The following formula ( [5] , Theorem 3.10) is attributed to Hoskin and Deligne.
Theorem 4.2 (Hoskin-Deligne Formula). Let R, I be as in Theorem 4.1. Further assume that I is an integrally closed ideal. Then,
We also need a formula of Lipman ([7] , Lemma 2.2). This first requires a definition. If R ≤ R ′ and R = R ′ , then R ′ is said to be proximate to R if the valuation ring V of the order valuation of R contains R ′ . We write R ′ ≻ R in this case. Theorem 4.3. Let (R, m) be a two-dimensional regular local ring, and let I be an m-primary integrally closed ideal. Set r(I) equal to the largest integer such that I = m r J for some ideal J (allowing J = R). Then
Putting these results together gives us a fairly sharp upper bound for e(I) in the case that I is an m-primary ideal in a two-dimensional regular local ring. Recall that if I is an ideal, we denote by I the integral closure of I. Proof. We first observe that we may assume I is integrally closed. This is due to the fact that the left-hand side of the inequality does not change, while in the right-hand side the length can only decrease, and the order stays the same. Using the Hoskin-Deligne formula and the multiplicity formula, we see that
and therefore by Theorem 4.3, 2 · λ(R/I) ≥ e(I) + 2 · ord R (I) − r(I), as claimed.
Corollary 4.5. Let (R, m) be a regular local ring of dimension two, and let I be an m-primary ideal. Then Conjecture 2.5 is true for I, namely e(I) + e(I 1 ) ≤ 2λ(R/I).
Proof. We observe that since R 1 is a DVR, e(I 1 ) is simply the ord R (I). As r(I) ≤ ord R (I), the corollary follows immediately from Theorem 4.4.
REGULAR LOCAL RINGS OF DIMENSION THREE
Throughout this section, (R, m) will denote a three-dimensional regular local ring containing an infinite field. We consider an m-primary integrally closed ideal I. We let x denote a general element of m, i.e., a general linear combination of fixed generators of m.
In order to prove our main theorem improving Lech's inequality in dimension four or higher, we need an improvement in dimension three which is as precise as possible. An exact formula as was given in the last section for two-dimensional regular local rings is probably impossible to attain in dimensions at least three. We need an improvement which is not so precise that we cannot prove it, but is robust enough to allow reductive steps in dimension four to go through. This means the inequality is a little delicate.
As in the preliminaries, by R 1 we denote R/(x), and by J 1 we denote the image of an ideal J in R 1 . Similarly, by R 2 we denote the ring obtained from R by moding out the ideal generated by two general linear elements, and let J 2 be the image of J in R 2 .
From work of Rissler and Teissier [12] , the mixed multiplicities e i (m|I) = e(I i ), where the second multiplicity is taken in R i . The main result in this section is the following more precise estimate giving an inequality between various multiplicities and colength. After adding the estimate of e(I) from above and using Lemma 2.7, we obtain that Thus the statement follows when we can show that Now, we settle this remaining case. Let r = ord(I). We must have I ⊂ J ⊆ m r , so
Thus e(I 1 ) = e(J 1 ) = r 2 and e(I 2 ) = e(J 2 ) = r(I 1 ) = r, and e(I) + 3 e(I 1 ) + (2 + c) e(I 2 ) − c r(I 1 ) = e(I) + 3 e(J 1 ) + 2 e(J 2 ).
Therefore, by Lemma 2.7 and the induction hypothesis, e(I) + 3 e(I 1 ) + (2 + c) e(I 2 ) − c r(I 1 ) ≤ e(J) + 6 e(I 1 ) + 2 e(I 2 ) ≤ 3r 2 + 6λ(R/J).
However, λ(R 1 /I 1 ) ≥ λ(R/(m r , x)) = r 2 + r, so
and the assertion follows.
THE MAIN RESULT
Theorem 6.1. Let (R, m) be a regular local ring of dimension at least four. Let I be an m-primary ideal. Then
Proof. We use induction on d. We will do the base case of d = 4 after the inductive step. Assume that d > 4. We also use induction on the length of R/I. The base case of this second induction is when I = m. In this case e(m 2 ) = 2
Without loss of generality we may assume that the residue field is infinite and I is integrally closed. Let x be a general element. Then (mI : x) = I. Therefore, since smaller ideals have bigger multiplicity, we obtain that e(I) = e(mI : x) ≤ e(m(I : x)).
Then, by Lemma 2.7 we have e(mI) ≤ e(mI :
Let m 1 and I 1 denote the images of m and I in the ring R 1 = R/xR. By induction we have
so, using Lemma 2.7 twice, we obtain e(mI) ≤ e(m(I :
It remains to handle the case in which d = 4. We again use induction on the colength of I, the case in which I = m already done. Using mixed multiplicities, we obtain that e(mI) = e(I) + 4 e(I 1 ) + 6 e(I 2 ) + 4 e(I 3 ) + 1.
We choose a general x ∈ m and set J = I : x ⊂ m. As above, mJ ⊂ I, and so e(I) ≤ e(mJ) ≤ 24λ(R/J), where the last inequality is from our induction on the colength of I. We now apply Theorem 5.1 to the term e(I 1 ). Combining these, we obtain that e(mI) ≤ 24λ(R/J) + 4[6λ(R 1 /I 1 ) − 3 e(I 2 ) − 2 e(I 3 )] + 6 e(I 2 ) + 4 e(I 3 ) + 1 = 24λ(R/I) − 6 e(I 2 ) − 4 e(I 3 ) + 1.
It follows that e(mI) ≤ 24λ(R/I).
NUMBER OF GENERATORS
In this brief section we explore another set of related conjectures originating in [3] . [3, Theorem 3.1] shows that in a regular local ring for an integrally closed ideal I one has a Lech-like bound
In dimension two, this happens to be, in fact, an equality µ(I) − 1 = e 1 (m | I). However, this inequality is never strict in dimension at least three which suggests that there may be a better correction term, possibly scaling when we take powers. The following conjecture proposes a way to strengthen this inequality. 
where the constants d i are chosen such that the equality holds for the powers of the maximal ideal:
Since e i (m | I) ≥ 1, we obtain that 
By the linearity of the mixed multiplicities, e i (m | m n ) = n i e i (m | m) = n i , thus the formulas above hold for powers of the maximal ideal. By the definition of mixed multiplicity and Remark 2.2
Thus it is possible to rewrite
for some coefficients d i and the question is whether these coefficients have the required form. We can check the coefficients by setting I = m n for all n. In this case e i (m | mI) = (n + 1) i , so the required transformation is just a substitution of n + 1:
Thus the coefficients are clearly equal.
Thus Conjecture 7.1 holds in dimension at most 4. Moreover, same proof allows us to derive corollaries of Theorem 6.1. Proposition 7.4. Let (R, m) be a regular local ring of dimension at least 5. Then for every m-full (e.g., integrally closed) ideal I
Proof. By Theorem 2.4 and Theorem 6.1 we have
However, e i (m 2 | IR 1 ) = 2 i e i (m 1 | I 1 ) = 2 i e i+1 (m | I) and the claim follows.
Remark 7.5. Following the proof of [3, Theorem 3.1], we may derive that
.
but this bound is weaker since e i+1 (m | I) ≥ e i (m | I).
7.
1. An example. We want to finish with an example that illustrates our results. 
Proof. As a first step, we observe that
We can easily compute the number of generators using this observation. Since µ ((x a , y b ) ) can be computed in k[x, y] using the order, it has ord(a + 1) generators. Thus µ(I) is obtained by adding these generators up and noting that x a , y b , z c were counted twice.
In order to compute the colength, we note that the colength of an ideal of the form (x a , y b ) is equal to ⌈ We compute the multiplicity by using that xyz is a superficial element. Thus by the additivity property e(I) = e(IR/(xyz)) = e(IR/(x)) + e(IR/(y)) + e(IR/(z)) = bc + ac + ab.
For the last part, observe that a general linear form will look like z = λ 1 x + λ 2 y. After a possibe change of variables in R 1 we will get that I 1 = (x a , y b , xy(x + y)). Since the form was general, xy(x + y) is still superficial, so e ( 2 + ax + a 2 + ay + a 2 + ax + ay + xy = 3a 2 + 2ax + 2ay + xy, and the inequality becomes 6a 2 + 4ax + 4ay + 2xy + 9 ≥ 18a + 6x + 3y. Now, a ≥ 3 by the assumption, so 6a 2 − 18a + 9 ≥ 0, 4ax ≥ 6x, and 4ay ≥ 3y always. 
